This article's goal is to evaluate if the recent price behavior of Bitcoin can be characterized as a financial market "bubble". To deal with this assessment, we adopt a statistical definition of a "bubble" derived from the efficient market hypothesis and we propose a simple method to test this proposition, based on the time-series model known as random walk. We analyze the data available for Bitcoin prices, together with an asset selected as benchmark, and perform statistical tests derived from simple regression equations. The main conclusion is that there is consistent evidence that that Bitcoin follows the pattern of a financial "bubble" -at least, such pattern is more evident in the case of Bitcoin than in the stock index used as benchmark.
Introduction
What is Bitcoin? This question has recently gained increasing interest with the astonishing gains in value of this "created-by-technology" financial asset. In fact, several answers can be offered: It is a secretive (crypto) currency, a new and revolutionary commodity, an original and strikingly different "model of trust", a currency resulting from a decentralized network of qualified participants, a convenient form of payment based on new digital technologies, and so on.
Despite the diverse explanations for the Bitcoin phenomenon, many analysts appear to share the view that, whatever this new asset really is, it is most likely just another case of a financial "bubble" -and, of course, one that may burst at any moment. 1 The main goal of this paper is, then, to evaluate this proposition -i.e. that the recent price behavior of Bitcoin can be characterized as a "bubble" in a financial market.
In order to deal with this assessment, we adopt a technical definition of "bubble" derived from the efficient market hypothesis (Section 2), and we propose a simple method to test this proposition, based on the time-series model best known as random walk (Section 3). Next, we analyze the data available for Bitcoin prices, together with an asset selected as benchmark, and perform statistical tests derived from simple regression equations (Section 4). Finally, we make an additional comparison with one of the clearest standards of "bubbles" -the trajectory of the Nasdaq Composite Index in the 1990s.
The results obtained indicate that there is evidence that Bitcoin is indeed a recent case of a financial "bubble" -at least, there is evidence that it is more so than a benchmark stock index for small-capitalization companies.
Review of the Literature
Baur, Hong and Lee (2017) evaluate if Bitcoin is more properly a currency or an investment medium and they obtain correlations among 17 international financial assets. Based on their results, they conclude that Bitcoins are mainly used as a form of investment, and not as a medium of exchange. Glaser, Zimmermann, Haferkorn, Weber and Siering (2014) question the uses of bitcoin for other purposes besides financial investment. The authors claim to have found strong evidence that users do not view bitcoin as a transaction facilitator but mainly as a speculative investment opportunity. Urquhart (2016) , in turn, investigates the market efficiency of Bitcoin -the general objective is, therefore, similar to the one pursued in this article -and he develops different types of statistical testes based on return rates, but his results are not conclusive. In a different perspective, Garcia, Tessone, Mavrodiev and Perony (2014) also deal with the possibility of Bitcoin's price record being a form of a financial "bubble". Their analysis includes a vector auto-regression (VAR) applied to four types of variables -Bitcoin data, social media activity, search volumes in Google and user adoption of Bitcoin -and they identify two reinforcing loops, or cycles, in this set of variables.
On the other hand, Brandvolt, Molnár, Vagstad and Valstad (2015) investigate the relative role of the main Bitcoin exchanges in terms of influencing market price. Bank for International Settlements (2018) mentions pitfalls and risks to cryptocurrencies and its holders. It affirms that the required trust on a cryptocurrency -that is by its nature unredeemable -can quickly dissipate because of the decentralized aspect of it. Another complication of decentralization is the lack a central issuer working to minimize volatility. White, Marinakis, and Walsh (2018) select arguably acceptable cases of bubbles to compare with the case of bitcoin. The authors show that bitcoin exceeds in price appreciation all the selected cases, cautioning that, from a historical perspective, the rapid appreciation of bitcoin has shown to be unsustainable. Gervais, Karame, S. Capkun and V. Capkun (2014) elaborate that the decentralization -which at first is one of the selling points of Bitcoin -brings unknown risks. The authors found that more than 75% of Bitcoin mining power is controlled by only 6 pools. This goes against the original idea that decentralized operation and transparency would generate security and trust. In relation to problems not directly linked to decentralization, Moore and Christin (2012) examine 40 Bitcoin exchanges and find that 18 had been closed, with customer account balances often lost. From a different perspective, Brezo and Bringas (2012) list manners in which Bitcoin can be used in unlawful situations, pointing out that it lends itself to money laundering activities.
Definitions of Financial "Bubble"
Although the idea that the market behavior of an asset may be considered a "bubble" is a common place in academic research as well as in the popular media, apparently there is not a generally accepted definition of a financial "bubble". It is quite common to find technical articles discussing price behaviors that can be characterized as "bubbles", together with several historical experiences, and nowhere a clear characterization of this type of phenomenon is provided. There are, nevertheless, exceptions to this rule and Contessi and Kerdnunvong (2015) explore different definitions that have been suggested -although, from a scientific perspective, they can very well be questioned. Clearly, in this case, the burden of defining a "bubble" is transferred to the effort of specifying what exactly is a "price determined by fundamental factors". In any case, the authors also suggest a comparison with asset prices that behave according to the efficient market hypothesis.
"The efficient market hypothesis asserts that […] actual and fundamental prices are always the same, and bubbles cannot exist unless they are driven by irrational behavior or market rigidities […]" 4 That is, based on this argument, "bubbles" occur when prices do not behave according to the efficient market hypothesis, which establishes that asset prices -and, in particular, stock prices -change only in response to new and unpredictable information. Therefore, these price changes must also behave in an unpredictable fashion. More specifically, the essence of the proposition known as the "efficient market hypothesis" is that asset prices should follow a random walk -i.e. that price changes should be random and unpredictable. random error is called a random walk. Such a model can be represented by the following equation:
(1) The assumptions imposed on the random variables e t are: a. Zero mean: E(e t ) = 0; b. Constant variance: E(e t 2 ) =  2 ; c. Uncorrelated errors: E(e t e s ) = 0, if t ≠ s.
It is not difficult to show that, as a consequence of these assumptions, the following result applies to the variance of x t :
That is, as t → ∞, this variance becomes infinitely large. To deal with this problem, a simple transformation is commonly used:
Therefore, one approach that can be used to assess if the price behavior of an asset should be described as a "bubble" is to evaluate if the first differences of the daily prices follow the assumptions used for the random errors e t and, in special, if these variables have a constant variance (assumption b), and if variables in different (successive) periods are uncorrelated (assumption c).
Given the standard definitions of the population correlation coefficient, , and its sample estimator, r, a statistical test is available to assess the hypothesis H 0 :  = 0.
7 However, in a more convenient approach, based on the relation between correlation and regression analyses, a simple regression equation can be used. 8 Considering that the assumptions of regression analysis are valid -in the very common case that the regressor is also a random variable -, the following result can be demonstrated for the regression equation Z =  +  W + :
Therefore, to test if the correlation coefficient (and the covariance) between W and Z is zero, it is sufficient to test the hypothesis H 0 :  = 0. In this case, the following regression equation is used:
Empirical Analysis and Results
In this Section, the methodology outlined in Section 3 is applied to Bitcoin price data. However, in order to obtain more meaningful conclusions, the Bitcoin data sample is compared with a benchmark -that is, an asset that can be considered a standard in relation to which other assets could be compared. In Table 1 , summary statistics are presented for some financial indicators in the US market. (Russell 2000) has shown, over the years, the greatest volatility among the main financial indicators available for the US market, and it was chosen as the benchmark for the 6 Shumway and Stoffer (2006) . This is a especial case of the first order autoregressive, or AR(1), process x t = δ + θ x t−1 + e t . 7 Newbold (1984) .
analysis of Bitcoin price data -which is also a very risky financial asset.
Russell 2000 -Statistical Analysis
In this analysis, data since 2009 was used -the start of the period when Bitcoin became available. From the original data, first differences were calculated (Figure 1 ). The main statistical indicators for this data-set appear below. 
Bitcoin -Statistical Analysis
An initial examination of Bitcoin prices reveal a major structural change in the data set ( Figure 3 ) -that is, considering 
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Applied Economics and Finance Vol. 6, No. 4; 2019 the statistical properties, the latter period cannot be compared with the earlier one. Therefore, assumption (b) in the previous Section clearly is not valid. In order to mitigate this problem, the sample that was, in fact, used was initiated after the 1700 th observation. Figure 4 depicts the data used. As can be perceived from Figure 4 , the sample available for Bitcoin prices, even including only the latter period, still presents major structural changes that, in statistical regression analysis, are described as heteroskedastic regression errors -i.e. assumption (b) fails. As it is well known (e.g. Verbeek, 2004) , this problem in the errors of the regression equation poses serious problems for regression results and statistical tests, leading researchers to use alternatives for the standard regression methods. 
A Test of Hypothesis -Is the Price Behavior a "Bubble"?
The main goal of this paper is to assess if the pattern of Bitcoin prices is in conformity with what most analysts may describe as a financial "bubble". To test for this possibility, as outlined in Section 3, we evaluate if the asset's price pattern behaves as predicted by the efficient market hypothesis -that is, if the statistical properties of the data series is in accordance with the random walk time-series model. More specifically, we test if the correlation between first differences in successive periods is zero. Further this test is set in the context of the statistical regression model. Therefore, in the regression equation (5) 
Russel 2000
The regression results for the benchmark are included in Table 4 and Figure 6 . As we can see from Table 4 , the hypothesis of zero correlation cannot be rejected only at the 1% significance level -but it can indeed be rejected at the 5% significance level. Therefore, according to the analysis presented in this paper, one can accept with 95% confidence the alternative hypothesis that, since 2009, the Russell 2000 behaves as a financial "bubble".
Bitcoin
The regression results for Bitcoin prices are included in Table 5 and Figure 7 . 9.656590 P-value(F) 0.001917 Figure 7 . Residuals of regression in Table 5 As we can see from Table 5 , the hypothesis of zero correlation can be rejected at virtually any significance level. Therefore, according to the analysis presented in this paper, one can accept with virtually 100% confidence the alternative hypothesis that, since 2013, Bitcoin behaves as a financial "bubble". In other words, although this latter result is affected by the presence of heteroskedastic errors, the available data suggest that there is considerably more evidence of a financial "bubble" in the case of Bitcoin than in the Russell 2000 index.
A Further Comparative Analysis -The Case of Nasdaq
Quite many people would probably agree that the label "mother of all bubbles" best fits the trajectory of the Nasdaq in the late 1990s -i.e., it represents one of the clearest cases of a financial "bubble" in recent times -, and that experience was named the "dot-com bubble". To bring an additional perspective to the analysis developed here, the regression analysis is also applied to Nasdaq Composite Index data. The results appear in Figures 8 and 9 , and in Table 6 . The pattern displayed in these Figures is strikingly similar to that of Bitcoin prices. As can be perceived from the Table, 
Conclusion
In this paper, we propose a more precise, statistical definition to describe the situation when the price behavior of a financial asset should be characterized as a "bubble". According to a common view on the subject, a "bubble" exists in a financial market when the asset price exceeds its price determined by fundamental factors -by a significant amount and for a prolonged period. Moreover, the concept of a fundamental price is derived from the efficient market hypothesis -i.e., unless irrational behavior or market rigidities are present, the actual asset price coincides with the fundamental one.
From this basic proposition, we then use one of the main conclusions of the efficient market hypothesis to test if an asset price diverts or not from its fundamental price -i.e., to test if the dynamic path of the asset price follows the pattern of a random walk process. More specifically, we perform a statistical test to evaluate if the correlation coefficient for sequential first differences calculated from the asset price is zero -hypothesis of uncorrelated errors. The version of the test that was used is based on the analysis of simple regression equations.
In Section 4, the statistical test to evaluate zero correlation was applied to Bitcoin prices and to an asset used as a benchmark -the Russell 2000 small-capitalization stock index. We conclude that, in the case of Bitcoin, with close to 100% confidence, one can accept the alternative hypothesis of non-zero correlation -or, in other words, that since 2013 Bitcoin does not follow the dynamic pattern of a random walk process. However, in the case of the Russel 2000 index, we infer that, with no more than 95% confidence the alternative hypothesis of non-zero correlation should be accepted. Therefore, our main conclusion is that there is consistent evidence that Bitcoin follows the pattern of a financial "bubble" -at least, such pattern is more evident in the case of Bitcoin than in a benchmark stock index for small-capitalization companies. This conclusion is also supported by a comparative analysis of the trajectory of the Nasdaq Composite Index in the 1990s. There is very little controversy, if at all, with the assertion that, in the late 1990s, the dynamic path of that stock index was, in fact, consistent with a financial "bubble". Our results show that the statistical test applied to the Nasdaq index indicates it occupies an intermediate position in relation to Russel 2000 and Bitcoin.
This main conclusion is in agreement with White et al. (2018) , who find that "[…] the bitcoin's rapid asset appreciation has exceeded the most prominently studied historical bubbles of the last three hundred years" (p. 19). The same basic conclusion, concerning autocorrelation, is reached in Baur et al. (2018) : "[…] the Box-Pierce and Ljung-Box tests show highly significant test statistics at the 1% level indicating the presence of autocorrelation." (p. 182). However, in the case of Urquhart (2016) , the results are not conclusive: "[…] evidence reveals that returns are significantly inefficient over our full sample, but when we split our sample into two subsample periods, we find that some tests indicate that Bitcoin is efficient in the latter period." (p. 80). Although Urquhart's general conclusions are not in agreement with our findings, in one aspect our results converge -that is, the more recent period of Bitcoin price data shows a pattern closer to a random walk than the overall sample data ( Figure 4 and Table 5 ). More specifically, when we run the statistical test with Bitcoin's data from 2016 onwards -i.e. starting from the 2550 th observation -, the results are closer to those for the Nasdaq index full data sample ( Figure 8 and Table 6 ).
